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Learning Target: Stochastic Bilevel Optimization

The stochastic bilevel optimization (SBO) scheme includes several learning areas, e.g.,
Meta Learning, Hyperparameter Optimization, Reinforcement Learning.
We aim to analyze the generalization behavior of the following bilevel problems:

min R(x) = F (x, y"(x)) := E¢ [f (x, y"(x): )]

xeR%

1
Sty (3) = arg miy 16(x.y) i~ Eelax. i )} W

where di, db € N*, the outer objective function f and the inner objective function g are
both continuous and differentiable, &, ¢ are samples drawn from the validation set and
training set respectively.
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Upper-level Risk Definition

Given distributions Dy, D2, we get the validation set Dn, := {&}, ~ D" and the
training set Dm, := {¢i}1% ~ D,? by independent sampling, where m; and m, are the
sample sizes.

This paper focuses on the outer-level population risk w.r.t D;
R (x,y) = Ee~, [f(x, y(x); §)], )
and empirical risk w.r.t Dp,

Roy, (X,¥) = Z [f (x, y(x): &) (3)

In order to evaluate the approximated searching of hyperparameters, we define
EA0n, 0n | A (A (D D)) = Ry, (A(Dmy, D) (4)

as the generalization gap of interest.

"Fan Bao, et al. Stability and generalization of bilevel programming in hyperparameter optimization. NeurlPS
2021.
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On-average Argument Stability for SBO

Here we introduce the analysis techniques, on-average argument stability 2.

Definition 1

Let Dm, = {Z1,...,Zm } and Dm, = {4, ..., 2m, } be two sets drawn independently
from distribution D{™.

Foranyi=1,...,my, define DV = {z,...,2 1,%,21,...,2Zm, }. Denote the E as the

expectation of E Dy Dy By A
We say a randomized algorithm A is /;(3) on-average argument stable if

E n;i;HA(Dm“sz)A(DE,Q,sz)HZ] <8,

and h(5?) on-average argument stable if

E

1 0 2l _ 2
e 22|40 0m) - A (082, [] < 2

2Yunwen Lei and Yiming Ying. Fine-grained analysis of stability and generalization for stochastic gradient
descent. ICML 2020.
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Milder Assumptions

Based on the above definitions, we introduce the requirements of f, g in our analysis,
which are milder than assumptions in 3.

(Outer Function Assumption). Assume that the outer objective function f satisfies
(I) f is jointly L¢-Lipschitz.
(1) f is nonnegative, continuously differentiable and ¢¢-smooth.

N

(Inner Function Assumption). Assume that the inner objective function g satisfies
(1) g is jointly Lg-Lipschitz.
() g is continuously differentiable and ¢4-smooth.

\

3Fan Bao, et al. Stability and generalization of bilevel programming in hyperparameter optimization. NeurlPS
2021.
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Milder Assumptions

Definition 2

(Holder Continuity). Let 7 > 0, « € [0, 1]. Gradient Vf is («, 7)-Holder continuous over
R% x R%, if there holds

[e3

IV(x,y:€) = VX', y )l < 7

for all (x,y), (x',y’) € R% x R% and ¢ ~ Dj.
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Quantitative Relationship between Generalization and Stability

(1) If algorithm A is l;(8) on-average argument stable in expectation and the outer-level
function f is Ly-Lipschitz continuous w.r.t. (x,y) € R% x R%, there holds

IEA,On, 0y | (A(Drmy, D)) = R, (A (Dimy Dmy)) || < LyB.

(11) If algorithm A is k(%) on-average argument stable in expectation and f is
nonnegative and (;-smooth w.r.t. (x,y) € R% x R%, then with v > 0,

EA,0ny Dy | R (A (Dmy, Dmy)) = Ry, (A(Dmy: Dmy))]

(4 + 7)52'

4
< EA D, Om, [Aom, (A, Dm)| + 5

(I11) If algorithm A is k(%) on-average argument stable in expectation, f is nonnegative
and («, T)-Holder continuous w.r.t. (x,y) € R% x R% with a € [0, 1], then

]EA»Dm1 »Dmy [H (A (Dm1 ) sz)) - RDm1 (A (D”H ) sz))]
2

Ca,r 2o v o
= 2y E4.0m; Dy [RHQ (A (D, sz))] + Eﬁ

where the constanty > 0, and ca., = { (a ) Ho T, el
sup, ||0f(0; 2)||l2 + 7, ifa=0
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SSGD and TSGD algorithms

Algorithm 1 Computing algorithm of SSGD Algorithm 3 Computing algorithm of UD (Bao et al., 2021)
Input: Validation data D,,, = {&}/* and training set ~ Input: Validation data D,,, = {&}/* and training set
Dy, = {(L};":'zl, the total number of iterations K, step sizes Dy, = {Ct}llzl, the total number of inner iterations 7" and
N> Ny- outer iterations K, step sizes 7, and 1.
Initialization: z( and yo. Initialization: o and y°.
I: fork=1to K —1do fork=0to K — 1do
2 Uniformly sample &; € D,,, and (; € D,,,: 1/1? =40
3 Ykt =Yk — My Vyg (@r Yk (1) 5 G) F, fort=0to7 —1do
4 w1 =2k — 0V (T, yk (T8) 5 6) Uniform sampling (; € D,,,,:
5: end for Yo = Uk =1y Vg (v (1) 36)
Output: zx and yx. end for
Uniform sampling & € D,,,:
i i ; Tyt = 26 — 0 Vaf (@6, yf (21)3&)
Algorithm 2 Computing algorithm of TSGD I;+1 k— Nz Va by Y (k)38
0 _
Input: Validation data D,,, = {&}7" and training set Yit1 = Ui
Dy, = {¢i}:23, the total number of inner iterations 7" and end for o
outer iterations K, step sizes 1, and 7),,. Output: xx and yj.

Initialization: xo and .
1: fork=0to K — 1do
2. fort=0to7 —1do

3: Uniformly sample (; € Dy, :
4y =y =y Vg (el (@) )
5.  end for

6: Uniformly sample &; € D,,,:

7o w1 = ok — Vel (@6 ul (2);6)

8 Y =yl
9: end for
Output: 75 and yY.
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Main Proof Process

SSGD [Lemma 4} [Lemma 5

Proper stepsi Table 1

TSGD |Lemma 6 Lemma 7
e e I:

AN /

Expansivity with z; Expansivity with 7 Stability Bounds ~ Connection between  Generalization
Stability & Generalization Bounds
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Main Theoretical Results in Summary

Algorithms Stability SC-SC C-C NC-NC
- T =
SSGD I o(X) o (X —
(Theorem 2) 5 o ((m’;?)K) (@] (WWK)K:;?‘ In® (1) _
TSGD L 0 (KTQ.,) o (ﬁl\’ch In(T) 0 (ﬁk’Kc2T1+03T
m1 miK my
(Theorem 3) Iy o (<mJ+K>KT”*> o (<m.+1s'>z“T“’v» MT)) o <<m;+K>2“‘1<2“2"””“ 72
m2 mZK? m?
SSGD I o) o) oL
(Proposition 1) | I mk e 16) ( %)
TSGD L o (L\) o (\/’2’2) o (M
my my my
oK oK 7oCoTC3
(Proposition 2) Iy o) ((mljn{;m) o (('",‘jfilzh) o) <<m,+mz‘m I;”T T2)

Summary of the generalization bounds under different settings. For briefly, /i (k)

represents the /1 (k) on-average argument stability and C; — Cg are positive constants.

SC, C and NC stand for strongly convex, convex and non-convex respectively; my is
the number of validation samples; K and T are the total numbers of outer and inner

iterations. Assume that the output model has a small empirical risk
E [F?om (A(Dm, sz))] =o(m").
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Empirical Validation
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Figure 1: Results of hyperparameter optimization in data reweighting with varying 7" and K
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My Related Published or Ongoing Works

Meta additive model for auto weighting and sparse approximation (Under Review)
S2MAM: Semi-supervised Meta Additive Model (Under Review)
Generalized Sparse Additive Model with Unknown Link Function (Under Review)

Fine-grained analysis of stability and generalization for stochastic bilevel optimization (IJCAI
2024)

Error Density-dependent Empirical Risk Minimization (ESWA 2024)
Neural Partially Linear Additive Model (Frontiers of Computer Science 2023)

@ Robust variable structure discovery based on tilted empirical risk minimization (Applied
Intelligence 2023)

@ Stepdown SLOPE for controlled feature selection (AAA/ 2023)
@ Robust Manifold Learning via Bilevel Cycle GAN (Ongoing Work)
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